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EQUATIONS OF NONISOTHERMAL FILTRATION

IN FAST PROCESSES IN ELASTIC POROUS MEDIA

UDC 517.958:531.72, 517.958:539.3(4)A. M. Meirmanov

The problem of the nonisothermal joint motion of an elastic porous body and the fluid filling the pores
is considered for the case where the duration of the physical process is fractions of a second. A rigor-
ous derivation of averaged equations (equations not containing fast oscillating coefficients) based on
the Nguetseng two-scale convergence method is proposed. For various combinations of physical pa-
rameters of the problem, these equations include anisotropic nonisothermal Stokes equations for the
velocity of the fluid component and the equations of nonisothermal acoustics for the displacements of
the solid component or anisotropic nonisothermal Stokes equations for a single-velocity continuum.

Key words: nonisothermal Stokes and Lamé equations, hydraulic fracture, two-scale convergence,
averaging of periodic structures.

INTRODUCTION

In the present work, we propose a model for fast nonisothermal processes in an elastic deformable medium
perforated by a system of channels and pores (elastic porous media) filled with a liquid or gas. The solid component
of such media is called the soil skeleton, and the domain occupied by the fluid is called the pore space.

In the dimensionless (unprimed) variables

x′ = Lx, t′ = τt, w′ = Lw, θ′ = ϑ∗
L

τv∗
θ,

the differential equations of the model for small deviations of the dimensionless displacementsw and small deviations
of the dimensionless temperature θ in the domain Ω ∈ R

3 at t > 0 are written as

ατ ρ̄
∂2w

∂t2
= divP + ρ̄F ; (1)

ατ c̄p
∂θ

∂t
= div (ᾱκ∇θ) − ᾱθ

∂

∂t
(divw) + Ψ; (2)

pf + χ̄αp divw = 0, (3)

where the stress tensor of the continuous medium

P = χ̄P f + (1 − χ̄)P s

coincides with the elastic stress tensor

P s = αλD(x,w) + (αη divw − αθsθ)I
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in the solid skeleton (I is a spherical tensor) and with the viscous stress tensor

P f = αμD
(
x,

∂w

∂t

)
+ (−pf − αθfθ)I

in the pore space,

D(x,u) = (1/2)(∇u+ (∇u)t),

ρ̄ = χ̄ρf + (1 − χ̄)ρs, c̄p = χ̄cpf + (1 − χ̄)cps,

ᾱκ = χ̄ακf + (1 − χ̄)ακs, ᾱθ = χ̄αθf + (1 − χ̄)αθs,

ρf and ρs are the average densities of the fluid and the solid skeleton, and cpf and cps are the heat capacity coefficient
for the fluid and the solid skeleton. The characteristic function χ̄(x) of the pore spaces Ωf ⊂ Ω is considered known.

A derivation of Eqs. (1)–(3) and a description of all dimensionless constants (all of them are strictly positive)
is contained in [1].

The problem is closed by the homogeneous initial and boundary conditions:

w
∣∣∣
t=0

= 0,
∂w

∂t

∣∣∣
t=0

= 0, θ
∣∣∣
t=0

= 0, x ∈ Ω; (4)

w = 0, θ = 0, x ∈ S = ∂Ω, t ≥ 0. (5)

The mathematical model described by Eqs. (1)–(3) contains the natural small parameter ε, which is the
ratio of the average pore size l to the characteristic dimension L of the domain considered:

ε = l/L.

Therefore, it is justified to determine the limiting regimes in the exact model as the small parameter tends to zero.
This approximation considerably simplifies the initial problem, retaining all its basic properties. However, even
in the presence of the small parameter, the problem remains difficult to solve and requires additional simplifying
assumptions. From a geometrical point of view, as such a simplification one can use the assumption of periodicity
of the pore space.

Assumption 1. Let the domain Ω be a periodic repetition of an elementary cell Y ε = εY , where Y =
(0, 1) × (0, 1) × (0, 1); 1/ε is an integer such that Ω always contains an integer number of elementary cells Y ε. We
assume that Ys is the solid part of the cell Y , its fluid part Yf is an open complement of Ys in Y , and the boundary
γ = ∂Yf ∩ ∂Ys between the fluid and solid components is a Lipschitzian surface.

The pore space Ωε
f is a periodic repetition of an elementary cell εYf , the solid skeleton Ωε

s is a periodic
repetition of an elementary cell εYs, and the Lipschitzian boundary Γε = ∂Ωε

s ∩ ∂Ωε
f is a periodic repetition of the

boundary εγ in Ω.
The solid skeleton Ωε

s and the pore space Ωε
f are connected sets, and the section of the domain Ωε

f by an
arbitrary plane {xi = const, 0 < xi < 1, i = 1, 2, 3} is an open (in plane topology) set. In view of these assumptions,
we have

χ̄(x) = χε(x) = χ(x/ε), ρ̄ = ρε(x) = χε(x)ρf + (1 − χε(x))ρs,

c̄p = cε
p(x) = χε(x)cpf + (1 − χε(x))cps,

ρ̄ = ρε(x) = χε(x)ρf + (1 − χε(x))ρs,

ᾱκ = αε
κ
(x) = χε(x)ακf + (1 − χε(x))ακs,

ᾱθ = αε
θ(x) = χε(x)αθf + (1 − χε(x))αθs,

where χ(y) is a characteristic function of Yf in Y which defines the pore space. In the model considered, the
function χ(y) is considered specified.

Let the dimensionless parameters given below depend on the small parameter of the problem ε and have
finite or infinite limits
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lim
ε↘0

αμ(ε) ≡ lim
ε↘0

2μ

τLgρ0
= μ0, lim

ε↘0
αλ(ε) ≡ lim

ε↘0

2λ

Lgρ0
= λ0,

lim
ε↘0

ατ (ε) ≡ lim
ε↘0

L

gτ2
= τ0, lim

ε↘0
αp(ε) = p∗,

lim
ε↘0

αη(ε) = η0, lim
ε↘0

ακf (ε) = κ0f , lim
ε↘0

ακs(ε) = κ0s,

lim
ε↘0

αθf (ε) = β0f , lim
ε↘0

αθs(ε) = β0s, lim
ε↘0

αλ

ε2
= λ1,

where μ is the viscosity of the liquid (gas), λ is the Lamé constant, τ is the characteristic time of the process, ρ0 is
the density of water, and g is the acceleration due to gravity.

If τ0 = ∞, the renormalization of the displacements and temperature

w → ατw, θ → ατθ

reduces the problem to a similar problem, in which

ατ = 1, αμ =
2μτ

L2ρ0
, αλ =

2λτ2

L2ρ0
.

We note that the case τ0 = ∞ occurs, for example, in descriptions of fast processes, such as hydraulic fracture
of an oil bed, in which the duration of the process is a few fractions of a second.

In the case of isothermal motion, the most complete results were obtained in [2, 3]. Nonisothermal motion
was considered in [4] under the constraints τ0 < ∞, μ0 < ∞, and λ−1

0 < ∞. In the present paper, which is a
continuation of studies [2–4], we consider the case not studied earlier λ0 = 0, in particular, the version

τ0 = 1, 0 < μ0 < ∞, λ0 = 0.

It is shown that the averaged equations of the accurate model (1)–(5) is the anisotropic system of nonisother-
mal Stokes equations for the fluid component, which is related to the equations of acoustics for the solid component
(λ1 < ∞), or the anisotropic system of nonisothermal Stokes equations for the single-velocity continuum (λ1 = ∞).

Obviously, in the solution of real physical problems, the presence of any limiting transitions is not assumed
and there are only concrete physical constants (density of the medium, fluid viscosity, elastic constants of the solid
skeleton, etc.) and two variables: the characteristic dimension of the domain considered L and the characteristic
time of the physical process τ . By changing these variables in the region of applicability of the mathematical model,
it is possible to determine the behavior of the dimensionless complexes αμ, ατ , αλ, . . . which will allow one to
choose a particular regime in the accurate model (1)–(5).

All necessary auxiliary statements and notation are given in [2].

1. FORMULATION OF THE MAIN RESULTS

As a rule, Eqs. (1) and (2) are considered within the framework of distribution theory. These equations are
supplemented by the boundary conditions

[w] = 0, [P · n] = 0, x0 ∈ Γε, t ≥ 0; (1.1)

[θ] = 0, [αε
κ
∇θ · n] = 0, x0 ∈ Γε, t ≥ 0 (1.2)

on the boundary Γε, where n is the unit normal vector to the boundary;

[ϕ](x0) = ϕ(s)(x0) − ϕ(f)(x0),

ϕ(s)(x0) = lim
x→x0
x∈Ωε

s

ϕ(x), ϕ(f)(x0) = lim
x→x0
x∈Ωε

f

ϕ(x).

Condition (1.1) follows from the definition of the class of desired solutions — solutions (temperature θ and dis-
placements w) having the minimal continuity properties. The first condition in (1.2) is a corollary of the law of
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conservation of momentum at strong (contact) fractures, the second condition is a corollary of the energy conser-
vation law.

There are various forms of Eqs. (1) and (2) and boundary conditions (1.1) and (1.2) which are equivalent in
terms of distribution theory. In the present paper, it is reasonable to write them in the form of integral identities.

Definition 1. The functions (wε, θε, pε
f , pε

s) are called a generalized solution of problem (1)–(4) if they
satisfy the regularity conditions

∇wε, ∇θε, pε
f , pε

s ∈ L2(ΩT )

in the domain ΩT = Ω × (0, T ), boundary conditions (4), the equations

1
αp

pε
f = −χε divwε +

χε

m
βε; (1.3)

1
αη

pε
s = −(1 − χε) divwε − 1 − χε

1 − m
βε (1.4)

almost everywhere in the domain ΩT , the integral identity∫

ΩT

(
ρεατw

ε · ∂2ϕ

∂t2
− χεαμD(x,wε) : D

(
x,

∂ϕ

∂t

)
− ρεF ·ϕ

+ [(1 − χε)αλD(x,wε) − (pε
f + pε

s + αε
θθ

ε)I] : D(x,ϕ)
)

dx dt = 0 (1.5)

for all smooth vector functions ϕ = ϕ(x, t) such that

ϕ(x, t) = 0, x ∈ S, t > 0, ϕ(x, T ) =
∂ϕ

∂t
(x, T ) = 0, x ∈ Ω,

and the integral identity ∫

ΩT

(
(cε

pατθε + αε
θ divwε)

∂ξ

∂t
− αε

κ
∇θε · ∇ξ + Ψξ

)
dx dt = 0 (1.6)

for all smooth functions, ξ = ξ(x, t) such that

ξ(x, t) = 0, x ∈ S, t > 0, ξ(x, T ) = 0, x ∈ Ω.

We introduce a new unknown function pε
s, which, by analogy with the function pε

f , will be called the pressure in the
solid skeleton. Equation (1.4) will be called the continuity equation for the solid component. The normalizing term

βε =
∫

Ω

χε divwε dx at p∗ + η0 = ∞, βε = 0 at p∗ + η0 < ∞

is chosen so that the condition ∫

Ω

pε
f dx =

∫

Ω

pε
s dx = 0 (1.7)

is satisfied for p∗ + η0 = ∞. This increase in the number of unknown functions, first, allows an easy estimation
of the pressure even if p∗ = ∞ (incompressible fluid phase) or η0 = ∞ (incompressible solid phase), and second,
simplifies the form of the averaged equations.

In (1.5), the notation A : B denotes the convolution of two tensors of the second rank in both indices:

A : B = tr (B∗ ·A) =
3∑

i,j=1

AijBji.

Below, we use the following assumption.
Assumption 2. Let: 1) Ψ, ∂Ψ/∂t, |F |, |∂F /∂t| ∈ L2(ΩT ); 2) the nondimensional parameters satisfy the

constraints

p−1
∗ , η−1

0 , | ln μ0|, β0f , β0s, | ln κ0f |, | ln κ0s| < ∞, τ0 = 1, λ0 = 0.
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Everywhere below, the parameters of the model can take all values admitted by the conditions of the
theorems. For example, if p−1

∗ = 0 (incompressible fluid) or η−1
0 = 0 (incompressible solid skeleton), the terms

containing these quantities vanish in all equations.
We also note that the cases p∗ = 0 and η0 = 0 are not considered in the present paper since they are of no

interest from both mathematical and physical points of view.
The main results of the present work are the following theorems.
Theorem 1. For all ε > 0 in an arbitrary time interval [0, T ], problem (1)–(5) has a unique generalized

solution and

max
0≤t≤T

(∥∥∥∂2wε

∂t2
(t)

∥∥∥
2,Ω

+
∥∥∥χε∇∂wε

∂t
(t)

∥∥∥
2,Ω

+
√

αλ

∥∥∥(1 − χε)∇∂wε

∂t
(t)

∥∥∥
2,Ω

)
≤ C0; (1.8)

max
0≤t≤T

(
‖θε(t)‖2,Ω + ‖∇θε(t)‖2,Ω

)
≤ C0; (1.9)

max
0≤t≤T

(
‖|pε

f | + |pε
s|‖2,Ω

)
≤ C0, (1.10)

where the constant C0 does not depend on the small parameter ε.
Theorem 2. The functions ∂wε/∂t admit the continuation of vε from the domain Ωε

f × (0, T ) to the
domain ΩT , so that the sequence {vε} converges to the function v strongly in the space L2(ΩT ) and weakly in the
space L2((0, T ); W 1

2 (Ω)). Similarly, the sequence {θε} converges to the function θ strongly in L2(ΩT ) and weakly in
L2((0, T ); W̊ 1

2 (Ω)). At the same time, the sequences {wε}, {(1 − χε)wε}, {pε
f}, and {pε

s} converge to the functions
w, ws, pf , and ps, respectively, weakly in L2(ΩT ).

I. If λ1 = ∞, then ∂ws/∂t = (1 − m)v = (1 − m)∂w/∂t and the weak and strong limits pf , ps, θ, and v
satisfy the following initial-boundary-value problem in ΩT :

ρ̂
∂v

∂t
+ ∇(pf + ps + β̂0θ) − ρ̂F

= div
(
μ0A

f
0 : D(x,v) +Bf

0 ps +Bf
1 θ +Bf

3 div v +

t∫

0

Bf
2 (t − τ) div v(x, τ) dτ

)
; (1.11)

1
p∗

∂pf

∂t
+Cf

0 : D(x,v) + af
0ps + af

1θ

+ (af
3 + m) div v + af

4 〈θ〉Ω +

t∫

0

af
2 (t − τ) div v(x, τ) dτ = 0,

1
p∗

∂pf

∂t
+

1
η0

∂ps

∂t
+ div v = 0;

ĉp
∂θ

∂t
− β0f

p∗
∂pf

∂t
− β0s

η0

∂ps

∂t
+ (β0f − β0s)(a

f
3 + af

4 )
〈∂θ

∂t

〉
Ω

= div (Bθ · ∇θ) + Ψ. (1.12)

Here m =
∫

Y

χ dy is the porosity, ρ̂ = mρf + (1 − m)ρs, β̂0 = mβ0f + (1 − m)β0s, ĉp = mcpf + (1 − m)cps; the

symmetric strictly positive definite tensor of the fourth rank Af
0 , the matrices Cf

0 , Bf
0 , Bf

1 , Bf
3 , and Bf

2 (t), the
symmetric strictly positive definite matrix Bθ, and the scalar quantities af

0 , af
1 , af

3 , af
4 , and af

2 (t) are defined below.
The differential equations (1.11) and (1.12) are closed by the homogeneous initial and boundary conditions

v(x, 0) = 0, θ(x, 0) = pf (x, 0) = ps(x, 0) = 0, x ∈ Ω,

v(x, t) = 0, θ(x, t) = 0, x ∈ S, t > 0.
(1.13)
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II. If λ1 < ∞, then, in the domain ΩT , the weak and strong limits ws, pf , ps, θ, and v satisfy the initial-
boundary-value problem which includes the anisotropic nonisothermal system of Stokes equations

ρfm
∂v

∂t
+ ρs

∂2ws

∂t2
+ ∇(pf + ps + β̂0θ) − ρ̂F

= div
(
μ0A

f
0 : D(x,v) +Bf

0 ps +Bf
1 θ +Bf

3 div v +

t∫

0

Bf
2 (t − τ) div v(x, τ) dτ

)
,

1
p∗

∂pf

∂t
+Cf

0 : D(x,v) + af
0ps + af

1θ

+ (af
3 + m) div v + af

4 〈θ〉Ω +

t∫

0

af
2 (t − τ) div v(x, τ) dτ = 0,

1
p∗

∂pf

∂t
+

1
η0

∂ps

∂t
+ div v = 0,

ĉp
∂θ

∂t
− β0f

p∗
∂pf

∂t
− β0s

η0

∂ps

∂t
+ (β0f − β0s)(a

f
3 + af

4 )
〈∂θ

∂t

〉
Ω

= div (Bθ · ∇θ) + Ψ

for the velocity, pressure, and temperature in the fluid component, which is linked to the continuity equation
1
p∗

∂pf

∂t
+

1
η0

∂ps

∂t
+ div

∂ws

∂t
+ m div v = 0

by the relation

∂ws

∂t
= (1 − m)v(x, t) +

t∫

0

Bs
1(t − τ)z̃(x, τ) dτ,

z̃(x, t) = − 1
1 − m

∇ps(x, t) − β0s∇θ + ρsF (x, t) − ρs
∂v

∂t
(x, t)

(1.14)

in the case λ1 > 0 or by the momentum conservation law

ρs
∂2ws

∂t2
= ρsB

s
2

∂v

∂t
+ ((1 − m)I −Bs

2)
(
− 1

1 − m
∇ps − β0s∇θ + ρsF

)
(1.15)

in the case λ1 = 0 for the displacements of the solid component. The problem is closed by the boundary and initial
conditions (1.13) for the averaged temperatures of the entire medium and the velocity v of the fluid component and
the homogeneous initial conditions and the edge condition

ws(x, t) · n(x) = 0, (x, t) ∈ S, t > 0 (1.16)

for the displacements ws of the solid component. In Eqs. (1.14)–(1.16), n(x) is the unit normal to the boundary S

at the point x ∈ S; the matrices Bs
1(t) are defined below.

2. PROOF OF THEOREM 1

To derive estimates (1.8) and (1.9),we consider the integral identity

d

dt

[
ατ

∫

Ω

(
ρε

(∂2wε

∂t2

)2

+ cε
p

(∂θε

∂t

)2)
dx + αλ

∫

Ω

(1 − χε)D
(
x,

∂wε

∂t

)
: D

(
x,

∂wε

∂t

)
dx

+ αp

∫

Ω

χε
(

div
∂wε

∂t

)2

dx + αη

∫

Ω

(1 − χε)
(

div
∂wε

∂t

)2

dx
]

+
∫

Ω

αε
κ

∣∣∣∇∂θε

∂t

∣∣∣2 dx
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+αμ

∫

Ω

χεD
(
x,

∂2wε

∂t2

)
: D

(
x,

∂2wε

∂t2

)
dx =

∫

Ω

∂F

∂t
· ∂2wε

∂t2
dx

+
∂βε

∂t

(αp

m

∫

Ω

χε div
∂2wε

∂t2
dx +

αη

1 − m

∫

Ω

(1 − χε) div
∂2wε

∂t2
dx

)
, (2.1)

which is obtained after differentiation of the equations for wε and θε with respect to time, multiplication of the
first equation by ∂2wε/∂t2 and the second equation by ∂θε/∂t, their integration by parts, and summation.

If p∗ + η0 < ∞ (βε = 0), identity (2.1) leads to the estimate

max
0<t<T

(∥∥∥∂2wε

∂t2
(t)

∥∥∥
2,Ω

+
√

αλ

∥∥∥∇∂wε

∂t
(t)

∥∥∥
2,Ωε

s

+
√

αη

∥∥∥ div
∂wε

∂t
(t)

∥∥∥
2,Ωε

s

+
√

αp

∥∥∥ div
∂wε

∂t
(t)

∥∥∥
2,Ωε

f

+
∥∥∥∂θε

∂t
(t)

∥∥∥
2,Ω

)
+

∥∥∥
∣∣∣∇∂θε

∂t

∣∣∣ +
∣∣∣χε∇∂2wε

∂t2

∣∣∣
∥∥∥

2,ΩT

≤ C0, (2.2)

where C0 does not depend on ε. Estimates (1.8) and (1.9) follow from (2.2), and estimate (1.10) for the pressures
pε

f and pε
s follows from the continuity equations (1.3) and (1.4) and estimates (2.2).

Let p∗ + η0 = ∞. Then, estimates (1.8) and (1.9) follow from identity (2.1) when using the inequalities

1
m

( ∫

Ω

χε div
∂wε

∂t
dx

)2

≤
∫

Ω

χε
(

div
∂wε

∂t

)2

dx,

1
1 − m

(∫

Ω

(1 − χε) div
∂wε

∂t
dx

)2

≤
∫

Ω

(1 − χε)
(

div
∂wε

∂t

)2

dx.

Estimate (1.10) for the sum of the pressures pε
f + pε

s follows from the basic integral identity (1.5) and
estimates (1.8) and (1.9) as an estimate of the corresponding functional in W̊ 1

2 (Ω). Indeed, identity (1.5) written as∫

Ω

(pε
f +pε

s) divψ dx =
∫

Ω

[
ρε

(
ατ

∂2wε

∂t2
−F

)
·ψ+

(
χεαμD

(
x,

∂wε

∂t

)
+(1−χε)αλD(x,wε)−αε

θθ
εI

)
: D(x,ψ)

]
dx,

and estimates (1.8) and (1.9) lead to∣∣∣
∫

Ω

(pε
f + pε

s) divψ dx
∣∣∣ ≤ C0 max

0≤t≤T
‖ψ(t)‖W 1

2 (Ω). (2.3)

Choosing ψ so as to satisfy the condition pε
f + pε

s ≡ q = divψ, we obtain the required estimate for the sum of the
pressures pε

f + pε
s. This choice is possible (see [5]) if we set

ψ = ∇ϕ +ψ0,

where

Δϕ = q, x ∈ Ω, ϕ = 0, x ∈ ∂Ω; (2.4)

divψ0 = 0, x ∈ Ω, ψ0 = −∇ϕ, x ∈ ∂Ω. (2.5)

Indeed, estimate (2.3) leads to ∫

Ω

q2 dx ≤ C0 max
0≤t≤T

‖ψ(t)‖W 1
2 (Ω).

Continuing the solution of problem (2.4) in an odd manner through the boundary of the domain Ω, we obtain

ϕ ∈ W̊ 2
2 (Ω), max

0≤t≤T
‖∇ϕ(t)‖W 1

2 (Ω) ≤ max
0≤t≤T

‖q(t)‖Ω.

We seek the solution ψ0 of problem (2.5) as a solution of the Stokes equations

Δψ0 + ∇p = 0, divψ0 = 0, x ∈ Ω
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that satisfies the inhomogeneous boundary-value condition

ψ0 = −∇ϕ, x ∈ ∂Ω.

The latter problem has a unique solution such that

max
0≤t≤T

‖ψ0(t)‖W 1
2 (Ω) ≤ max

0≤t≤T
‖∇ϕ(t)‖W 1

2 (Ω)

if and only if ∫

Ω

div (∇ϕ) dx ≡
∫

Ω

Δϕdx =
∫

Ω

q dx = 0.

It is easy to see that this condition follows from conditions (1.7). Thus, taking into account all estimates,
we obtain the required estimate but only for the sum pε

f + pε
s. Because the product of these functions is equal to

zero, this is sufficient to estimate each term.
Estimates (1.8)–(1.10) guarantee the existence and uniqueness of the generalized solution of problem (1)–(4).

To prove this, it is sufficient to employ the Galerkin method, using the space W̊ 1
2 (Ω) as the basis space, and any

basis orthonormalized in the scalar product of the space L2(Ω) as the basis.

3. PROOF OF THEOREM 2

3.1. Weak and Two-Scale Limits of Sequences of Displacements and Pressures. By virtue of
theorem 1, the sequences {pε

f}, {pε
s}, and {wε} are uniformly (in the parameter ε) bounded in L2(ΩT ). Hence,

there exists a subsequence of {ε > 0} and functions pf , ps, and w such that

pε
f → pf , pε

s → ps, wε → w

weakly in L2(ΩT ) as ε ↘ 0.
Similarly, because the sequence {θε} in L2

(
(0, T ); W 1

2 (Ω)
)

is bounded, there exist a subsequence of {ε > 0}
and a function θ ∈ L2((0, T ); W̊ 1

2 (Ω)) such that θε → θ weakly in L2((0, T ); W̊ 1
2 (Ω)) as ε ↘ 0.

Redenoting, if necessary, the indices, we assume that the sequences converge by themselves. We also note
that

(1 − χε)αλD(x,wε) → 0

strongly in L2(ΩT ) and that the sequence {divwε} converges weakly to the function divw in L2(ΩT ) as ε ↘ 0.
Moreover, by virtue of the continuation lemma (see [2,‘6,‘7]), there exist functions

vε ∈ L∞((0, T ); W 1
2 (Ω)),

such that vε = ∂wε/∂t in Ωf × (0, T ), vε = 0 on the part Sε
f of the boundary S and

∥∥∥∂vε

∂t

∥∥∥
2,ΩT

+
∥∥∥∇∂vε

∂t

∥∥∥
2,ΩT

≤ C0,

max
0≤t≤T

(
‖vε(t)‖2,Ω + ‖∇vε(t)‖2,Ω

)
≤ C0

(the constant C0 does not depend on the small parameter ε).
Lemma 1. There exist a subsequence of {ε > 0} and a function v ∈ L∞((0, T ); W̊ 1

2 (Ω)) such that vε( · , t) →
v( · , t) weakly in W 1

2 (Ω) as ε ↘ 0 for all t ∈ [0, T ].
The proof Lemma 1 is rather standard.
From the Nguetseng theorem (see [2, 8]), it follows that there exist functions Pf (x, t,y), Ps(x, t,y), Θ(x, t,y),

W (x, t,y), and V (x, t,y) which are one-periodic in the variable y and are such that the sequences {pε
f}, {pε

s},
{∇θε}, {wε}, and {∇vε} two-scale converge to the functions Pf (x, t,y), Ps(x, t,y), ∇θ +∇yΘ(x, t,y), W (x, t,y),
and ∇v + ∇yV (x, t,y), respectively.
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3.2. Microscopic and Macroscopic Equations I. The following lemmas are valid.
Lemma 2. For all x ∈ Ω and y ∈ Y , the weak two-scale limits of the sequences {pε

f}, {pε
s}, {wε}, and {vε}

satisfy the relations

Ps = ps
1 − χ

1 − m
, Pf = χPf ; (3.1)

1
p∗

∂pf

∂t
+ m div v + 〈divy V 〉Yf

=
∂β

∂t
; (3.2)

1
p∗

∂Pf

∂t
+ χ(div v + divy V ) =

χ

m

∂β

∂t
; (3.3)

1
p∗

pf +
1
η0

ps + divw = 0; (3.4)

w(x, t) · n(x) = 0, x ∈ S; (3.5)

divyW = 0; (3.6)

∂W

∂t
= χv + (1 − χ)

∂W

∂t
, (3.7)

where ∂β/∂t = 〈〈divy V 〉Yf
〉Ω if p∗ + η0 = ∞ and β = 0 if p∗ + η0 < ∞; n(x) is the unit normal vector to the

surface S at the point x ∈ S.
The proof of the lemma is similar to the proof of the corresponding lemma in [2].
Corollary. Let p∗ + η0 = ∞. Then, the functions pf and ps satisfy the equalities

〈pf 〉Ω = 〈ps〉Ω = 0.

Lemma 3. For all (x, t) ∈ ΩT and y ∈ Y , the relation

divy

[
μ0χ

(
D(y,V ) +D(x,v)

)
−

(
χPf + β0(y)θ +

1 − χ

1 − m
ps

)
I
]

= 0, (3.8)

where β0(y) = β0fχ(y) + β0s(1 − χ(y)), is valid.
Proof. In the integral identity (1.5), substituting a test function of the form ϕε = εϕ(x, t,x/ε), where

ϕ(x, t,y) is an arbitrary function which is one-periodic in y and vanishes on the boundary S and passing to the
limit as ε ↘ 0, we obtain the required microscopic equation (3.8) on the cell Y .

Lemma 4. Let ρ̂ = mρf + (1 − m)ρs and β̂0 = mβ0f + (1 − m)β0s. Then, the functions ws = 〈W 〉Ys , v,
pf , ps in the domain ΩT satisfy the system of macroscopic equations

ρfm
∂v

∂t
+ ρs

∂2ws

∂t2
− ρ̂F = div [μ0(mD(x,v) + 〈D(y,V )〉Yf

) − (pf + ps + β̂0θ)I] (3.9)

and the homogeneous initial conditions

ws(x, 0) = 0,
(
ρfmv + ρs

∂ws

∂t

)
(x, 0) = 0, x ∈ Ω.

Proof. Equations (3.9) and the corresponding initial conditions are obtained by passing to the limit in
identity (1.5) if, as test functions, one uses functions independent of the fast variable y = x/ε.

3.3. Microscopic and Macroscopic Equations II. The following lemmas are valid.
Lemma 5. If λ1 = ∞, the weak limits of the sequences {vε} and {∂wε/∂t} coincide:

v =
∂w

∂t
=

1
1 − m

∂ws

∂t
.

Proof. Let Ψ(x, t,y) be an arbitrary smooth scalar function which is periodic in the variable y. The
sequence {σε

ij}, where

σε
ij =

∫

Ω

√
αλ

∂wε
i

∂xj
(x, t)Ψ(x, t,x/ε) dx, wε = (wε

1, w
ε
2, w

ε
3),
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is uniformly bounded in the parameter ε. Hence,∫

Ω

ε
∂wε

i

∂xj
(x, t)Ψ(x, t,x/ε) dx =

ε√
αλ

σε
ij → 0

as ε ↘ 0, which is equivalent to the equality∫

Ω

∫

Y

Wi(x, t,y)
∂Ψ
∂yj

(x, t,y) dx dy = 0, W = (W1, W2, W3)

or W (x, t,y) = w(x, t). By virtue of the last relation and the equality

χε
(
vε − ∂wε

∂t

)
= 0

the limit ∂w/∂t of the sequences {∂wε/∂t} coincides with the limit v of the sequence {vε}.
Lemma 6. Let λ1 < ∞. Then, the weak two-scale limits ps and W in the domain Ys satisfy the microscopic

equations

ρs
∂2W

∂t2
= λ1ΔyW −∇yR + z, y ∈ Ys; (3.10)

∂W

∂t
= v, y ∈ γ (3.11)

in the case of λ1 > 0 and the microscopic equations

ρs
∂2W

∂t2
= −∇yR + z, y ∈ Ys; (3.12)

(∂W

∂t
− v

)
· n = 0, y ∈ γ (3.13)

in the case λ1 = 0.
In (3.10), (3.12), and (3.13),

z = − 1
1 − m

∇ps − β0s∇θ + ρsF

and n is the unit normal to the boundary γ.
Equations (3.10) and (3.12) are supplemented by the homogeneous initial conditions

W (y, 0) =
∂W

∂t
(y, 0) = 0, y ∈ Ys.

Proof. As ε ↘ 0, the differential equations (3.10) and (3.12) and the corresponding initial conditions follow
from the integral identity (1.5) with testing functions of the form ψ = ϕ(xε−1)h(x, t), where ϕ is a solenoidal finite
function Ys in the domain.

The boundary-value condition (3.11) is a consequence of the two-scale convergence of the sequence
{√αλ ∇wε} to the function

√
λ1 ∇yW (x, t,y). By virtue of this convergence, the function ∇yW (x, t,y) is in-

tegrable in L2(Y ). The boundary-value condition (3.13) follows from Eqs. (3.4) and (3.5).
Lemma 7. For all (x, t) ∈ ΩT and y ∈ Y , the strong two-scale limits θ and Θ satisfy the microscopic

equation

divy [κ̃0(y)(∇θ + ∇yΘ)] = 0, (3.14)

where κ̃0(y) = χ(y)κ0f + (1 − χ(y))κ0s.
The proof of the lemma is similar to the proof of Lemma 3.
Lemma 8. For all (x, t) ∈ ΩT , the weak and strong limits of θ, pf , and ps satisfy the macroscopic heat-

conduction equation

ĉp
∂θ

∂t
− β0f

p∗
∂pf

∂t
− β0s

η0

∂ps

∂t
+ (β0f − β0s)

∂β

∂t
= div (κ̂0∇θ + 〈κ̃0∇yΘ〉Y ) + Ψ, (3.15)

where κ̂0 = 〈κ̃0〉Y and ĉp = mcpf + (1 − m)cps.
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The proof of Lemma 8 is similar to the proof of Lemma 4 if, previously, the term αε
θ divwε in identity (1.6)

is expressed in terms of the pressure, using the continuity equations (1.3) and (1.4).
3.4. Averaged Equations I. We derive averaged equations for the fluid component.
Lemma 9. If λ1 = ∞, then ∂w/∂t = v and the strong and weak limits v, pf , and ps in the domain ΩT

satisfy the system of averaged differential equations

ρ̂
∂v

∂t
+ ∇(pf + ps + β̂0θ) − ρ̂F

= div
(
μ0A

f
0 : D(x,v) +Bf

0 ps +Bf
1 θ +Bf

3 div v +

t∫

0

Bf
2 (t − τ) div v(x, τ) dτ

)
; (3.16)

1
p∗

∂pf

∂t
+Cf

0 : D(x,v) + af
0ps + af

1θ

+ (af
3 + m) div v + af

4 〈θ〉Ω +

t∫

0

af
2 (t − τ) div v(x, τ) dτ = 0; (3.17)

1
p∗

∂pf

∂t
+

1
η0

∂ps

∂t
+ div v = 0, (3.18)

where the symmetric and strictly positive definite tensor of the fourth rank Af
0 , the matrices Cf

0 , Bf
0 , Bf

1 , Bf
3 , and

Bf
2 (t), and the scalar quantities af

0 , af
1 , af

3 , af
4 , and af

2 (t) are defined below.
The differential equations (3.16) are supplemented by the homogeneous initial and boundary conditions

v(x, 0) = 0, x ∈ Ω, v(x, t) = 0, x ∈ S, t > 0. (3.19)

Proof. First of all, we note that, by virtue of Lemma 5, v = ∂w/∂t.
The averaged equations (3.16) are obtained by substitution of the expressions

μ0〈D(y,V )〉Yf
= μ0A

f
1 : D(x,v) +Bf

0 ps +Bf
1 θ

+Bf
3 div v +

t∫

0

Bf
2 (t − τ) div v(x, τ) dτ +A(t)

into the macroscopic equations (3.9). In turn, the last formula is the result of solution of Eqs. (3.6) and (3.8) on
the elementary cell Yf . Indeed, if p∗ + η0 < ∞, then β = 0. Then, assuming that

V =
3∑

i,j=1

V (ij)(y)Dij + V (0)(y)ps + V (1)(y)θ +

t∫

0

V (2)(y, t − τ) div v(x, τ) dτ,

Pf =
3∑

i,j=1

P ij(y)Dij + P 0(y)ps + P 1(y)θ +

t∫

0

P (2)(y, t − τ) div v(x, τ) dτ,

where

Dij(x, t) =
1
2

( ∂vi

∂xj
(x, t) +

∂vj

∂xi
(x, t)

)
,

we obtain the following periodic boundary-value problems in the domain Y :

divy [χD(y,V (ij)) − χP (ij)I + χJ ij ] = 0, χ divy V
(ij) = 0,

divy

[
μ0χD(y,V (0)) −

(
χP (0) +

1 − χ

1 − m

)
I
]

= 0, χ divy V
(0) = 0, (3.20)
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divy [μ0χD(y,V (1)) − (β0(y) + χP (1))I] = 0, χ divy V
(1) = 0;

divy [μ0χD(y,V (2)) − χP (2)I] = 0;

1
p∗

∂P (2)

∂t
+ χ divy V

(2) = 0,
1
p∗

P (2)(y, 0) = −χ(y). (3.21)

If p∗ = ∞, then β �= 0. Then, assuming that

V =
3∑

i,j=1

V (ij)(y)Dij + V (0)(y)ps + V (1)(y)(θ − 〈θ〉Ω) + V (3)(y) div v + V (4)(y)〈θ〉Ω,

Pf =
3∑

i,j=1

P ij(y)Dij + P 0(y)ps + P 1(y)(y)(θ − 〈θ〉Ω) + P (3)(y) div v + P (4)(y)〈θ〉Ω,

we obtain the following boundary-value problems for determining the functions {V (3), P (3)} and {V (4), P (4)}:
divy [μ0χD(y,V (3)) − χP (3)I] = 0, χ(divy V

(3) + 1) = 0,

divy [μ0χD(y,V (4)) − (χP (4) + β0(y))I] = 0, χ divy V
(4) = (χ/m)〈χ divy V

(4)〉Y .
(3.22)

Finally, if p∗ < ∞ and η0 = ∞, then

V =
3∑

i,j=1

V (ij)(y)Dij + V (0)(y)ps + V (1)(y)(θ − 〈θ〉Ω)

+

t∫

0

V (2)(y, t − τ) div v(x, τ)dτ + V (4)(y)〈θ〉Ω,

Pf =
3∑

i,j=1

P ij(y)Dij + P 0(y)ps + P 1(y)(y)(θ − 〈θ〉Ω)

+

t∫

0

P (2)(y, t − τ) div v(x, τ)dτ + P (4)(y)〈θ〉Ω.

Assumptions on the geometry of the elementary fluid cell Yf guarantee the existence of a unique (to within
a constant vector) solution of problems (3.20)–(3.22). To eliminate arbitrariness, we require that the following
equalities be satisfied:

〈V (ij)〉Yf
= 〈V (k)〉Yf

= 〈P (4)〉Yf
= 0, i, j = 1, 2, 3, k = 0, 1, 2, 3, 4.

Thus,

Af
0 = mJ +Af

1 , Af
1 =

3∑
i,j=1

〈D(y,V (ij))〉Yf
⊗ J ij ,

Bf
i = B̃f

i , i = 0, 1, 2, Bf
3 = 0 at p∗ < ∞,

Bf
i = B̃f

i , i = 0, 1, 3, Bf
2 = 0 at p∗ = ∞,

B̃f
i = μ0〈D(y,V (i))〉Yf

, i = 0, 1, 2, 3.

The symmetry of the tensor Af
0 is proved in [2].
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Equations (3.17) and (3.18) for the pressures follow from Eqs. (3.2) and (3.4) and the equality

〈divy V 〉Yf
= Cf

0 : D(x,v) + af
0ps + af

1θ + af
3 div v

+ af
4 〈θ〉Ω +

t∫

0

af
2 (t − τ) div v(x, τ) dτ,

where

Cf
0 =

3∑
i,j=1

〈divy V
(ij)〉Yf

J ij ,

af
i = ãf

i , i = 0, 1, 2, af
j = 0, j = 3, 4 at p∗ + η0 < ∞,

af
i = ãf

i , i = 0, 1, 3, 4, af
2 = 0 at p∗ = ∞,

af
i = ãf

i , i = 0, 1, 2, 4, af
3 = 0 at p∗ < ∞, η0 = ∞,

ãf
i = 〈divy V

(i)〉Yf
, i = 0, 1, 2, 3, ãf

4 = 〈divy V
(4) − divy V

(1)〉Yf
.

3.5. Averaged Equations II. The proof of Theorem 2 is completed by the derivation of averaged equations
for displacements of the solid component.

Let λ1 < ∞. As above, the limit v of the sequence {vε} satisfies an initial-boundary-value problem similar
to (3.16)–(3.19). The main difference is that the weak limit ∂w/∂t of the sequence {∂wε/∂t}, generally speaking,
is different from v since the following lemma is valid.

Lemma 10. Let λ1 < ∞. Then, the strong and weak limits v, ws, pf , and ps of the sequences {vε},
{(1 − χε)wε}, {pε

f}, and {pε
s} in the domain ΩT satisfy the system of the differential equations consisting of the

momentum conservation law

ρfm
∂v

∂t
+ ρs

∂2ws

∂t2
+ ∇(pf + ps + β̂0θ) − ρ̂F

= div
(
μ0A

f
0 : D(x,v) +Bf

0 ps +Bf
1 θ +Bf

3 div v +

t∫

0

Bf
2 (t − τ) div v(x, τ) dτ

)
, (3.23)

the continuity equation (3.17) for the velocity and pressure in the fluid component (Af
0 , Bf

0 , Bf
1 , Bf

2 , Bf
3 are defined

in Lemma 9), the continuity equation

1
p∗

∂pf

∂t
+

1
η0

∂ps

∂t
+ div

∂ws

∂t
+ m div v = 0, (3.24)

the relation

∂ws

∂t
= (1 − m)v(x, t) +

t∫

0

Bs
1(t − τ) · z̃(x, τ) dτ,

z̃(x, t) = z(x, t) − ρs
∂v

∂t
(x, t)

(3.25)

in the case λ1 > 0 or the momentum conservation law in the form

ρs
∂2ws

∂t2
= ρsB

s
2

∂v

∂t
+ ((1 − m)I −Bs

2)z (3.26)

in the case λ1 = 0 for the displacements of the solid component. The problem is supplemented by the initial and
boundary conditions (3.19) for the velocity v of the fluid component and the homogeneous initial conditions and the
boundary condition

ws(x, t) · n(x) = 0, (x, t) ∈ S, t > 0 (3.27)
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for the displacements ws of the solid component. In Eqs. (3.23)–(3.27), n(x) is the unit normal to the boundary S

at the point x ∈ S; the matrices Bs
1(t) and Bs

2 are defined below.
Proof. The boundary condition (3.27) follows from Eq. (3.5), the equality

∂w

∂t
=

∂ws

∂t
+ mv,

and the homogeneous boundary conditions for the velocity of the fluid component v.
This equality and Eq. (3.4) prove Eq. (3.24). Equations (3.23) are derived similarly. We derive averaged

equations of motion for the displacements ws of the solid component.
1. Let λ1 > 0. Then, the solution of the microscopic equations (3.6), (3.10), and (3.11) supplemented by

homogeneous initial conditions is found from the formulas

W =

t∫

0

(
v(x, τ) +

3∑
i=1

W i(y, t − τ) ⊗ ei · z̃(x, τ)
)

dτ,

R =

t∫

0

3∑
i=1

Ri(y, t − τ)ei · z̃(x, τ) dτ,

where the functions W i(y, t) and Ri(y, t) are determined by solving the periodic initial-boundary-value problems

ρs
∂2W i

∂t2
− λ1ΔW i + ∇Ri = 0, divyW

i = 0, y ∈ Ys, t > 0,

W i = 0, y ∈ γ, t > 0, (3.28)

W i(y, 0) = 0, ρs
∂W i

∂t(y, 0)
= ei, y ∈ Ys,

ei is the unit vector of the Cartesian coordinate system. Hence,

Bs
1(t) =

3∑
i=1

〈∂W i

∂t

〉
Ys

⊗ ei(t).

We note that, by virtue of the constraints imposed on the geometry of the elementary cell Ys, problem
(3.28) has a unique solution which is only generalized because of the unmatched initial and boundary conditions.
Therefore, at t = 0, the function Bs

1(t) is nondifferentiable.
2. Let λ1 = 0. Then, to solve system (3.6), (3.12) and (3.13), one first needs to determine the pressure

R(x, t,y) by solving the Neumann problem for the Laplace equation in the domain Ys:

R(x, t,y) =
3∑

i=1

Ri(y)ei · z̃(x, t),

where Ri(y) is a periodic solution of the problem

ΔyRi = 0, y ∈ Ys, ∇yRi · n = n · ei, y ∈ γ.

This problem has a unique (to within an arbitrary constant) solution. Formula (3.26) is the result of averaging of
Eq. (3.12) and the equation

Bs
2 =

3∑
i=1

〈∇Ri(y)〉Ys ⊗ ei,

where the matrix (1 − m)I −Bs
2 is strictly positive definite. Indeed, let for an arbitrary unit vector ξ,

R̃ =
3∑

i=1

Riξi.
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Then,

(Bξ)ξ = 〈(ξ −∇R̃)2〉Yf
> 0.

Lemma 11. For all (x, t) ∈ ΩT , the weak and strong limits θ, pf , and ps satisfy the averaged heat-conduction
equation

ĉp
∂θ

∂t
− β0f

p∗
∂pf

∂t
− β0s

η0

∂ps

∂t
+ (β0f − β0s)(a

f
3 + af

4 )
〈∂θ

∂t

〉
Ω

= div (Bθ∇θ) + Ψ, (3.29)

where the symmetric strictly positive definite matrix Bθ is defined below.
Proof. The averaged heat-conduction equation (3.29) is the macroscopic heat-conduction equation (3.15)

in which the expression 〈κ̃0∇yΘ〉Y is replaced by the expression

〈κ̃0∇yΘ〉Y = Bθ
0 · ∇θ.

The last formula is the result of solution of the microscopic heat-conduction equation (3.14) in the form

Θ(x, t,y) =
3∑

i=1

Θi(y)
∂θ

∂xi
(x, t),

where Θi (i = 1, 2, 3) are periodic solutions of the equation divy [κ̃0(∇yΘi + ei)] = 0 in the domain Y . In this case,

Bθ = κ̂0I +Bθ
0 , Bθ

0 =
3∑

i=1

∇y〈Θi〉Y ⊗ ei.

REFERENCES

1. A. M. Meirmanov and S. A. Sazhenkov, “Generalized solutions to the linearized equations of thermoelastic solid
and viscous thermofluid,” Electron. J. Differ. Eq., No. 41, 1–29 (2007).

2. A. M. Meirmanov, “Method of two-scale Nguetseng convergence in problems of filtration and seismic acoustics
in elastic porous media,” Sib. Mat. Zh., 48, No 3, 645–667 (2007).

3. A. M. Meirmanov, “Homogenized models for a short-time filtration and for acoustic waves propagation in a
porous media,” in: www.aps.arxiv.org/abs/math/0701613v1, Submitted on January 22, 2007.

4. A. M. Meirmanov, “Homogenization and filtration and seismic acoustic problems in thermo-elastic porous
media,” in: www.arxiv.org/abs/math/0611329v1, Submitted on November 11, 2006.

5. G. Nguetseng,“A general convergence result for a functional related to the theory of homogenization,” SIAM J.
Math. Anal., 20, 608–623 (1989).

6. E. Acerbi, V. Chiado Piat, G. Dal Maso, and D. Percivale, “An extension theorem from connected sets and
homogenization in general periodic domains,” Nonlinear Anal., 18, 481–496 (1992).

7. V. V. Zhikov, S. M. Kozlov, and O. A. Oleinik, Averaging of Differential Operators [in Russian], Nauka, Moscow
(1993).

8. O. A. Ladyzhensksaya, Mathematical Questions of the Dynamics of a Viscous Incompressible Fluid [in Russian],
Nauka, Moscow (1970).

628



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


